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We demonstrate theoretically that a new system InNxBiySb1−x−y/InSb quantum well(QW) can
realize the topological transition based on the 16-band k·p model. Utilizing the strain introduced
by the doped impurities, the band anticrossing induced by the doped nitrogen and valence band
anticrossing induced by the doped bismuth, the band gap of the QW is rapidly decreased and
even becomes negative. As a result, the topological transitions arise. Furthermore, the band gap
as a function of the concentration of nitrogen and bismuth is calculated, where the negative gap
corresponds to the topological phase. Noting the cancel of strain resulting from the combination of
tensile strain introduced by N and compressive strain introduced by Bi, we can easily tune the ratio
of the N and Bi to meet the requirement of strain in the crystal growth procedure. Our proposal
provides a promising approach for topological insulator in traditional semiconductor system utilizing
the semiconductor fabrication technologies.
PACS numbers: 03.65.Yz, 76.30.Mi, 76.60.Lz
Since the topological insulator has been proposed
in HgTe/CdTe quantum well(QW)[1] and confirmed in
transport experiments[2], researchers pay more attention
on finding more topological insulator materials in tra-
ditional semiconductor systems. The InAs/GaSb/AlSb
Type-II QW was designed theoretically[3] and confirmed
through the transport experiments[4]. Later, more the-
oretical schemes, including 2-D GaAs with hexagonal
symmetry[5], InN/GaN QW[6] and Ge/GaAs QW[7],
were proposed. Another theoretical scheme was explored
in InSb material[8]. It was demonstrated that normal
bulk InSb can be converted into a topologically nontriv-
ial phase with a 2%-3% biaxial lattice expansion based on
the density functional theory and tight-binding calcula-
tion. A recent proposal designs a p-n junction QW[9] to
inverse the band utilizing the build in electric field. These
two schemes both claim that InSb is indeed a promising
material for topological insulator.
Besides large strains, doping can also be used to en-
gineer the gap of InSb. By varying x, the band gap of
InNxSb1−x has been tuned to be near zero and even neg-
ative experimentally[10–12] and explained by the band
anticrossing model theoretically[13, 14]. Similarly, the
reduction of band gap in InBiySb1−y is observed on
experiments[15–18] and explained by the valence band
anticrossing model[19]. The N-related resonant states
couple with the conduction band(CB) and drives the CB
to go down[14]. Similarly, the Bi-related resonant states
couple with the valence band(VB) and drive the VB to go
up[19]. Therefore, the incorporation of N and Bi in InSb
simultaneously offers a promising proposal to realize a
topological insulator.
Here, we propose an innovative semiconductor system
InNxBiySb1−x−y/InSb QW grown along the z direction
to realize the topological transition. Although the band
gap of InNxSb1−x can be negative when the concentra-
tion of N is sufficiently high, it is difficult to grow high
quality crystal due to the large strain from such high
doping. However, as we will propose in this manuscript,
the presence of both N and Bi impurities will make the
band inversion (to a negative band gap) easier to hap-
pen in two aspects. Firstly, the lifting of VB from Bi
doping, and the lowering of CB from N doping, can be
simultaneously expected, which greatly increase the pos-
sibility of band inversion. Secondly, the threshold dop-
ing concentration with small strain in material can be
much smaller than those of doping N or Bi alone, which
can easily meet the requirement for high quality mate-
rial growth. Besides, we present the phase diagrams of
topological states for QW structures and doping concen-
trations. Furthermore, Rashba spin splitting(RSS) is ex-
tremely considerable when the two kinds impurities are
doped. We find that the magnitude of RSS can be the
order of 1-2meV when the 0.5mV/nm external electric-
field is added. Such a large RSS increases the chance of
manipulating the spin[20, 21].
Although density functional theory has been used to
study the topological properties in strained bulk InSb[8]
and small supercell InSb p-n junction[9], here we use 16-
band k·p method that can deal with large supercell re-
alistic quantum well structures. Following the method-
ology introduced in Refs.[19, 24], we use a 16-band k·p
Hamiltonian to calculate the QW InNxBiySb1−x−y band
structure by explicitly including the effects of band an-
2ticrossing and valence band anticrossing. These two ef-
fects representing the interactions between the resonant
states and extended states are abstracted from the many-
impurity Anderson model[13]. The 16-band Hamiltonian
has the following form:
H =


HN VN 0 0
V ∗N HCB VCB 0
0 V ∗CB H6×6 VBi
0 0 V ∗Bi HBi

 (1)
Here, HCB and H6×6 are the block Hamiltonian of the
CB and VB, HN and HBi are the Hamiltonian related to
the doped impurities N and Bi, respectively. VN is the
coupling between the CB and the resonant N states, and
VBi is the coupling between the VB and the resonant Bi
states. The Hamiltonian of N and Bi impurities states
HN and HBi, and the coupling VN and VBi are con-
structed for dilute doping case in the coherent-potential
approximation[13]. The details of the Hamiltonian[Eq.
(1)] are as follows:
HN =
(
EN 0
0 EN
)
(2a)
VN =
(
βN
√
x 0
0 βN
√
x
)
(2b)
HBi =


EHHBi 0 0 0 0 0
0 ELHBi 0 0 0 0
0 0 ELHBi 0 0 0
0 0 0 ELHBi 0 0
0 0 0 0 ESOBi 0
0 0 0 0 0 ESOBi


(2c)
VBi =


βBi
√
y 0 0 0 0 0
0 βBi
√
y 0 0 0 0
0 0 βBi
√
y 0 0 0
0 0 0 βBi
√
y 0 0
0 0 0 0 βBi
√
y 0
0 0 0 0 0 βBi
√
y


(2d)
where EN is the energy level of N-related resonant state
and EHHBi , E
LH
Bi and E
SO
Bi are the energy level of Bi-
related resonant states, respectively. The strain-induced
shifts to the band edge energies in our QW system are
calculated according to elasticity theory as described
in Ref[25]. The parameters related to N and Bi are:
EN = 0.65eV, βN = 3.0eV [23], E
HH
Bi = E
LH
Bi = −1.2eV,
βBi = 1.35eV, E
SO
Bi = −2.5eV[17]. All of the InSb-
related parameters in HCB and H6×6 can be found in
Ref.[22].
First, we demonstrate the realization of a topological
transition with increasing the width of the QW, when
the concentrations of N and Bi are set as 2.4% and 3.2%
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FIG. 1: The 2-D band structure around the Γ point of the
InNxBiySb1−x−y/InSb QW. The width of the well are 7nm,
7.7nm and 8.2nm for (a) (b) and (c), respectively. Obviously,
the band gap experience the process from open and closed and
then reopen. This is a typical topological transition. (d)The
variation of band gap taken the width of well and barrier as
variables. The whole region are divided into two different
phase regions: one is the positive band gap region and the
other is negative.
with nearly 0.48% tensile strain compared with nearly
1.4% tensile strain when 6% N-doped alone[10]. Fig.
1(a)(b)(c) show the procedure of topological transition
with increasing QW widths. Since the tensile strain in-
troduced by doped impurities pushes the |LH, ↑↓〉 up
to the |HH, ↑↓〉 and closer to the fermi level, the four
bands that participate the topological transition are the
|CB, ↑↓〉 and |LH, ↑↓〉. At the beginning with a narrow
well in Fig. 1(a), CB is higher than LH. With the in-
creasing of the well width, the CB and LH start to touch
each other[Fig. 1(b)]. With an even larger width, the
CB and LH will be inverted[Fig. 1(c)]. Fig. 1(d) shows
the band gap as a function of the width and barrier of
the quantum well. This is also a phase diagram of the
topological transition, with the positive (negative) gap
corresponding to the trivial (topological) insulator.
We have seen the band inversion of the QW from the
bulk band structures. By using the approach of project-
ing the original mutilband Hamiltonian [Here is Eq. (1)]
into low energy subspace, we will confirm that the phase
with inverted bands is indeed a topological phase by the
existence of edge states from a quasi-one-dimension ge-
ometry. To this end, as in Ref.[26] we construct the ef-
3fective two-dimension(2D) k·p Hamiltonian by averaging
the z component in the 16-band Hamiltonian.
Heff (k||) = 〈ψ(z)|H |ψ(z)〉 (3)
The Hamiltonian can be divided into
H = H(0, 0,−i ∂
∂z
) +H
′
(kx, ky,−i ∂
∂z
) (4)
We take theH(0, 0,−i ∂
∂z
) as no-perturbation Hamilto-
nian and H
′
(kx, ky,−i ∂∂z ) as perturbation Hamiltonian.
According to Lowding perturbation method[26] we have
H
eff
mm
′ = Emδmm′ +H
′
mm
′ +
1
2
∑
l
H
′
mlH
′
lm
′ (
1
Em − El +
1
Em′ − El
) (5)
where m,m
′ ∈ A set and l ∈ B set. Here, the elements
in set A are the band indexes which we are interested in
and the elements in B are beyond our interests. Hence we
need to choose appropriate A set and B set to construct
the effective Hamiltonian which can accurately describe
the band structure. As the main participants are the
|CB, ↑↓〉 and |LH, ↑↓〉 mentioned above, we ought to in-
clude them in A set. Besides, the HH subbands with the
dominant component |HH, ↑↓〉 are about 10meV below
the LH subbands. This is comparable with the bulk gap
in energy. Thus, we also need to include them in A set.
As a result, our new basis functions, A set, are :|CB, ↑〉,
|LH, ↑〉, |HH, ↑〉, |CB, ↓〉, |LH, ↓〉, |HH, ↓〉. We down-
fold the 16-band model Hamiltonian to an 2D Hamilto-
nian expressed in the above six basis. Other subbands
from the envelope function expansion coupling with the
above six subbands are also essential and should be in-
cluded in the perturbation for the 2-order perturbation
as they directly influence the coefficients of the k2|| terms.
Therefore, we include the 10 lowest CB subbands and 20
highest VB subbands into the B set. At last, we success-
fully construct a 6-band effective Hamiltonian:
Heff =


E0 + E1k
2
|| A2k− A1k+ 0 0 0
A∗2k+ L0 + L1k
2
|| Bk
2
+ 0 0 0
A∗1k− B
∗k2− H0 +H1k
2
|| 0 0 0
0 0 0 E0 + E1k
2
|| −A2k+ −A1k−
0 0 0 −A∗2k− L0 + L1k2|| Bk2−
0 0 0 −A∗1k+ B∗k2+ H0 +H1k2||


(6)
where k|| denotes the in-plane momentum, and k± =
kx ± iky. The related parameters are: E0 = 0.03165eV,
L0 = 0.03784eV, H0 = 0.02017eV, E1 = 0.99574eV·nm2,
L1 = −0.17255eV·nm2, H1 = −0.09984eV·nm2,
A1 = −0.4395eV·nm, A2 = −0.2911eV·nm, B =
0.10702eV·nm2.
Here, the B-related terms Bk2± and B
∗k2± in Eq.(6),
coupling the HH and LH states, are essential. It is the
coupling that introduces the steep profile of LH. Without
it, the band structure calculated by the effective Hamil-
tonian[Eq. (6)] could not agree well with the band ob-
tained by k·p envelop functions[Eq. (1)]. To test the va-
lidity of the effective Hamiltonian, we compare the band
structure calculated by the 16-band model[Eq. (1)] and
the 6-band effective Hamiltonian[Eq.(6)]. The tiny dif-
ferences in Fig. 2(a) indicate that the 6-band effective
Hamiltonian can reproduce the profile of band structure
near the Fermi level. Based on the effective Hamiltonian
(6), we can calculate the band structure of a ribbon ge-
ometry, as plotted in Fig. 2(b). The red curves are edge
states which connect the CB and VB. In addition, Fig.
2(c) illustrates the localized distributions of their wave
functions along the edges. These suggest that they are
indeed the topological edge states. Another important
term RSS is defined as the splitting of CB or VB when
the system is subject to a external electrical field. The
RSS of our model is shown in Fig. 2(d), where the exter-
nal electric-field is F = 0.5mV/nm. The nonlinear RSS
behaviour agree well with the previous results [14]. The
magnitude of RSS can be the order of 1-2meV. Such re-
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FIG. 2: (a)The solid black curves describe the band struc-
ture of QW InNxBiySb1−x−y/InSb calculated by the 16-band
model with envelope functions. Besides, the red, green and
blue curves(below are the same) which represent the LH, CB
and HH are obtained from the 6-band effective Hamiltonian.
The differences between the 16-band model and 6-band ef-
fective model around the Γ point is very tiny. This confirms
the rationality of the 6-band effective Hamiltonian. (b)The
band structure of the ribbon based on the 6-band effective
Hamiltonian. The evident red curves are the proofs of the
edge states. (c) The distribution of the wave functions of the
edge states in the k||=0. The distributions concentrate on
the boundary. It also supports the presence of edge states.
(d) The Rashba spin splitting of CB LH and HH. The mag-
nitude of RSS even exceed 1mev for LH. The huge splitting
is essential for spintronics.
markable Rashba spin-orbit coupling offers possibilities of
generation, manipulation and detection of spin currents
[20, 21].
All of above have confirmed the topological transi-
tion in InNxBiySb1−x−y/InSb QW with varying the well
width. Alternatively, we can also tune the concentra-
tion of doping, which is more controllable in the experi-
ments to realize topological transition. Varying the con-
centration of doped N and Bi into a reasonable region,
the topological transition will arise in our system. Fig.
3 shows the topological phase diagram about the con-
centration of impurities. The phase on the right-hand
side is topologically nontrivial with a negative gap. An-
other feature is that the boundary separating the posi-
tive and negative gaps is a broken line. This is differ-
ent from Fig. 1(d) in which the boundary is a straight
line. This is very easy to be understood. Changing the
width of the well and the height of the barrier keeps the
strain invariant while different concentrations of impu-
rities lead to tensile or compressive strain. The type
of the strain directly determines the highest valence
subbands: the tensile(compressive)strain corresponds to
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FIG. 3: The phases of band gap taken the concentration of
doped N and Bi as variables. Like Fig1(d), the line between
green and red region divides the whole area into two regions in
the view of the sign of band gap. Here, we fix the width of well
and barrier as 70A˚ and 82A˚. The magnitude of negative band
gap can be exceed the 60meV. This is essential for topological
insulator practical implication .
|LH, ↑↓〉(|HH, ↑↓〉)subbannds as the highest valence sub-
bands. Therefore, the kink of the phase boundary in Fig.
3 corresponds to the alternation between these two cases.
Considering the difficulty of crystal growth for relative
large concentration doping, Fig. 3 implies the possibility
of growth referred to the development in dilute nitrogen
and bismuth materials. In the view point of semicon-
ductor fabrication technology, although single type im-
purity doping, i.e., InNxSb1−x or InBiySb1−y have been
successfully grown on InSb substrate, the large strain in-
fluences the quality of the material. If N and Bi are
both incorporation in InSb, the tensile strain introduced
by N and compressive strain introduced by Bi can be
partly canceled by tuning the ratio of them. This meets
the requirement of crystal growth, and the possibility
of negative band gap is also increased. In addition, if
we continue to increase the width of well and decrease
barrier relatively, the critical concentration will decrease
more. Thus the possibility of realizing the topological
phase is even further increased. Therefore, our topolog-
ical insulator scheme in InNxBiySb1−x−y QW should be
experimentally promising.
In summary, we propose a practical scheme to produce
topological transition in InNxBiySb1−x−y/InSb QW. Not
only the width of well and barrier, but the concentration
of doped N and Bi can be tuned to realize the topological
transition. The effects of the presence of both N and Bi
are twofold. First, the strain can be tuned by the ratio
of them to adapt to the growth of crystal; Second, the
coupling between resonant states and the extent states
narrows the band gap until it becomes negative. Here,
the resonant states are essential to realize the topolog-
ical transition. This mechanism is different from other
5previous schemes. Meanwhile, the large RSS offers the
chance of spin manipulation. In conclusion, our proposal
realizes topological transition utilizing modern semicon-
ductor fabrication in traditional semiconductor material.
This is essential for topological insulator practical impli-
cation.
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